Lie ideals are constructed, which are ideals in the algebra of compact operators but not ideals in the algebra of bounded operators, thus settling a question of C. K. Fong and H. Radjavi in the negative.
Introduction
Let %* be an infinite dimensional complex Hilbert space. By operators we shall mean bounded linear transformations of %? into itself. Their algebra is denoted by â §(%?), while Jlfffi) is the algebra of all compact operators. By an ideal we mean a two-sided ideal. We say that S? c 3è'(<%*) is a Lie ideal in &(<%") if 5? is such a linear manifold, that A g a3 (ß?) and fi G y imply AB -BA G 5f . Let S (st) and f(si) denote the ideals of 3$(%") and 3lf(ßlf), respectively, generated by the set si c 3?(2P). Clearly <f(sf) D ^(si), but equality does not hold in general. For example if a < 0, J^diagin")) ^ f(diag(n)) (see [2] ). But in the case when si is countable and f(sf) is a Lie ideal in &(W), we have f(s#) = S(si), i.e. f(si)
is an ideal in £%(%?) too (see [3, 4 . Example]). The answer to whether f({A\) = S ({A}) if 0 < A g 3?(&) appears in [2] along with the question: Is the above implication true in general, i.e. without any restriction on the cardinality of j/ ? In the present paper we discuss the case si = %(A) where 0 < A g &{&) and W{A) = {UAU* : U* = U~1}, that is, when si is the unitary orbit of a positive compact operator. Then ^(^ (A)) is a unitary invariant manifold, so by [1, Theorem 1] and [3] it is also a Lie ideal in 3S(%?) (we refer to [3] for generalization of any result in [1] to the nonseparable case). But it turns out that f(í¿ (A)) is not an ideal in 3 §(%?) when e.g.
A = diag(«~').
The main result For a compact operator A, sn(A) denotes the « th eigenvalue of the squareroot of A* A , (« = 1,2,...) (see [4] ). We introduce the following notation: Proof. The equality is obvious, if we choose an orthonormal basis of ran P and extend it to a basis of ran 7? and then to a basis of ^. For the inequality we note that (R -P)D(R -P)>0. Remarks. It is easy to prove that (2) with k = 2 implies (2) for every integer k > 1 . Conditions (1) and (2) can be satisfied e.g. by A -diag(«~ ) because then Sn(A) = log« + rn for some rn G [0,1] and hence we can even write lim instead of liminf in (2) . But, for any nonincreasing sequence {an} with an-*0 and J2 an = oo, we can select a subsequence {an } , such that diag (a^) satisfies the conditions of the theorem. We know from [ 1, Theorem 1 ] that the unitary invariant linear submanifolds are exactly the Lie ideals in 3 §(%?). So fC%f(A)) in the theorem is such a Lie ideal, which is an ideal in JTffi) but is not an ideal in 3 §(%?) (see the question at the end of [2] ). Particularly JF(ii(Ä)) is not countably generated as an ideal of X(2tr) (see [3] ).
Proof. Let sn = sn(A) and Sn = Sn(A) for shortness. Let {en}°f be an orthonormal sequence in ßf such that Aen = snen . Fix a strictly increasing sequence { nk} of positive integers, for which (3) lim Spfc = 1
for every positive integer TV. The existence of such a sequence follows from (2) . By choosing a suitable subsequence if necessary, and calling it {nk} , we can assume that S. (ii) £f-, a^AU* = 0 (o* = U~X) implies £f_, a, = 0.
(iii) 0^{£f=1A,.t/^C/;:£f=1A,.= l}.
For the implication (ii) => (i) we (well-)define / by /(£/=1 aXf.^U*) = £/=1 a{.. If A is traceable, we put ¿¿¡¡(A) = kerf. ¿¿?0(A) is a Lie ideal in âê^).
If A is as in the theorem, then A is traceable even in the stronger sense that / can be extended to a unitary invariant linear functional / on f(%(A)) so that f<Se^(A)) c ker/. Assume furthermore that A = A'®0 g âS^®^).
Then Á ® (-A1) g 5f0(A), so A g SLZ^A)) but clearly A £ f(^(A)), i.e. 1diag(2-1)l,0,0,0,2-1,0,0,0,0,0,4-1,4-1,4-',4-1,0,0,0,0,. ..)©0 + 2_1diag (2_1,0, l,0,0,0,2-',0,0,0,0,0,0,0,0,4-1,4-1,4_1,4-|,. ..)e0 = diag (l,2-|,2-1,4-|,4-|,4-1,4-1,8-',8-1,8-1,8-1,8-1,8-1,8-1 
